Introduction
To get a lower bound for the cut locus distance on a compact Riemannian manifold following Klingenberg [9] , Cheeger [4] proved the existence of a lower bound for the length of a closed geodesic in terms of an upper bound of the diameter and lower bounds for the volume and the curvature. We generalize and sharpen this result-with a more direct proof, e. g. not using Toponogov's triangle comparison theorem-to the following inequality between data of M and a compact submanifold N: where S § denotes a sphere of curvature 8. Equality implies that both M and N are of constant curvature, and in fact all space forms can occur for N whereas for M only those can occur with d (M) = n/2 ^/8. With a simple limit arguement the Penchel-WillmoreChen inequality ( [6] , [14] , [5] ) for compact N in R 1 ":
is a consequence of our inequality.
Simplifications also in the case 8^0 are possible under further assumptions, e. g. for minimal submanifolds (H= 0), see 2.3. In particular if y is a closed geodesic, 2.3 gives lenph W^^.f ^l V".
volS? \sinA(7|8|.d(M))/
The main tool for proving the inequality is an extension of well known Jacobi field estimates. In fact we prove a very general comparison theorem for the length and volume distortion of the normal exponential map of a submanifold containing as special cases the Rauch [11] and Berger [1] estimates ( § 3). The equality discussion rests on the following Theorem 4.5: Let N, M be compact Riemannian manifolds, N isometrically immersed and totally umbilic in M. Assume that all planes ofM containing a tangent vector to a geodesic segment which is normal to N and has no focal points have the same sectional curvature 8 > 0. Then M has constant curvature 8. We emphasize that for dim N ^ 2 the assumptions 8 > 0 and M compact are essential. The proof is given in paragraph 5. The usual Codazzi equation arguments cannot be used. We first extend a result of Warner ([12] , Th. 3.2) (who showed that kernel dexpp-at regular conjugate points of constant multiplicity ^2-is tangent to the conjugate set) and conclude that the mean curvature vector field must be parallel. Then we derive that N has constant curvature and finally obtain constant curvature for M.
The inequality between volume and diameter of a compact Riemannian manifold M and the volume of a compact submanifold N
Let N, M be compact riemannian manifolds, N isometrically immersed in M and M connected. For each/? e M there exists a distance minimizing geodesic from/? to N which hits N perpendicularly; its length is clearly not longer than the diameter of M and it is also not larger than the first focal distance of N in the direction of the geodesic. Therefore the exponential map of the normal bundle v (N) of N in M is surjective, even if we restrict expy to that subset U of normal vectors ^, which are not longer than d (M) or the focal distance in direction §. In paragraph 3 we describe the canonical riemannian metric on v (N). For this the projection TT : v -> N is a riemannian submersion. Therefore we can apply Fubini's Theorem to evaluate the following volume integral by first integrating over the fibres of v and then over the base N:
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We first state the curvature assumptions: where m = dim M and n = dim N. Now 2.0.1 gives
Since we do not want to make very specific assumptions about the second fundamental form but assmne only bounds on | T| |, we cannot use the description ofU in terms of focal distances. However 3.3.1 shows that the first zero z (T|, Q of the integrand is an upper bound for the focal distance in direction ^ ("conjugate" if n = 0). Therefore we enlarge U correspondingly, now apply Fubini and abbreviate the obtained fibre integral as
2.0.3:
where d^ is the standard volume for the sphere s" REMARKS. -1. By definition/ § seems to depend on T|, but the spherical integration eliminates the direction dependence and leaves a function of | T| | = H. Of course/ § also depends on the dimensions n, m.
2. If one is interested in the volume of tubes of radius R around N, then one only has to change the upper bound of the radial integration to min (R, z (q, (;)).
The above explanations prove the first inequality of the following Theorem, but we emphasize that the Jacobi field estimates of paragraph 3 are the essential part of the proof. 
For the proof of the last inequality we use. In particular, if | T| | ^ A and n > 0 then
(Sg denotes a sphere of curvature 8).
Note that this gives a lower bound for the volume of submanifolds of bounded mean curvature which is sharp for small spheres N = 8^2 in spheres M = S^. For a very special case see Heim [8] .
The case n = 0 had been proved by Bishop [2] .
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In the last case either d(M) > (1/2)7T/^/S then M is homeomorphic to S" 1 by Grove-
, then M is isometric to the projective space P R" 1 , see [10] or our equality discussion.
COROLLARY (Improvement ofCheeger's inequality). -7/'N is a closed geodesic, then
/2 is not a lower bound for the cut locus distance (e. g. in case max K ^ 0) then there exists a closed geodesic whose length is twice the minimal cut locus distance. Therefore 2.3.2 gives a lower bound for the cut locus distance of a compact riemannian manifold. For example for compact oriented surfaces of genus g with curvature between -1 and 0 one has from 2. 
Proof. -Consider R" 1 as the tangent space of a very large sphere S^, map N by the exponential map into S^, apply 2.2 with M = S^ and take the limit 8-^0. This proof, however, will not give the equality discussion. The inequality can also be derived by comparing the volume of a ball of radius R in R" 1 with the volume of a tube of radius R around N in R" First we describe the canonical metric for v (N) and the differential of the normal exponential map in terms of N-Jacobi fields. This information has to be used again in paragraph 5.
3.1.1. Induced from the metric of M we have the normal connection D 1 for v (N). We use it to split the tangent bundle as a sum of the "vertical" and the "horizontal" bundle, T v (N) = i r +^: the vertical tangent vectors are tangent to the fibres (and killed by TI^), the horizontal tangent vectors are tangent to curves in v (N) which-considered as vectorfields along their base curves-are D-^parallel. Since each vertical tangent space ĉ an canonically and hence isometrically be identified with the fibre v^ ^ (N) by parallel translation in the fibre and since each horizontal tangent space ^ can canonically and hence isometrically be identified with T^ ^ N via n^ we have the canonical metric for v (N) defined by where S^ is the Weingarten map of N (for the'normaf^).^ Proof: Now, for r linearly independent of these "linear" vectorfields, say Ui, ..., Uy, it is easy to compute [ Ui (•s')A ... /\\5y(s) |. On the other hand, the Jacobi equation controls the corresponding Y» (s) and in this way we obtain our information about length and volume distortions of rfexpy. We will only consider Jacobi fields which are orthogonal to a normal geodesic because expy is a radial isometry (Gauss-Lemma).
As a last preliminary, we give two useful specializations. ASSUMPTIONS. -Let SQ be not larger than the first focal distance of N in direction i; and make one of the following assumptions (a), (b) where T| is the mean curvature normal of N.
Equality in the last inequality is equivalent to fe(s)=K(s)=8 and ^=-<TI,^> (i=l,...,n).
Also, the first zero z (T|, ^) of the last estimate is an upper bound for the first focal distance of N in direction S;.
proof. -Apply 3.2 (c) to N and a local submanifold N in a space of constant curvature 8 which has at one point the same second fundamental tensor as N at n (Q. The second inequality then uses the geometric-arithmetic-mean inequality. Clearly, in case (c) one can in addition assume that i^ maps, independently of.s'i, eigenspaces of S^ onto eigenspaces of S^ in such a way that Kj ^ ^. (j = 1, ..., n) , hence for all X e Np < SX, X > ^ < S i^ X, i^ X >. If we want to prove the inequalities in 3. Remark. -Warner [13] proved a length comparison theorem for N-Jacobi fields which holds at least up to the first focal point of a suitably choosen hypersurface N in M but which does in general not hold up to the first focal point of N, example 13, p. 353. We give an example of a Jacobi field on a homogeneous space for which one does not have a length comparison on any interval [0, s]:
The space is S 3 with a left invariant metric (a general Berger sphere) which is obtained by changing the biinvariant metric <, > with a left invariant endomorphism field A to g ( , ) = < A , >. We denote the eigenvalues by a > b(= 1) > c > 0 and the corresponding left invariant eigenfields by Ei, E^, E^ Then the following is true [16] : The integral curves of E^ are unit speed closed geodesies along which one has the following exponentially growing Jacobi field Z(Q = C. sinhaf.Ei(0 + cosha(.E3(Q, where 4® SERIE -TOME 11 -1978 -N° 4 VOLUME ESTIMATES FOR SUBMANIFOLDS
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The sectional curvature
2b+2c-3a .(b-cf . K(E2, Es) = ---,---+ ---== 6 4 4a
is always the minimum of the sectional curvatures of the metric g and 8 > 0 for example if3a^ 2b+2c. On the sphere of constant curvature 8 choose a unit speed geodesic; normal Jacobi fields along it are in terms of parallel fields V, W given aŝ
(t)=cos^6t.V(t)+ l sm^&t^(t).
Choose the initial data to obtain a comparison situation 
Then one might expect a comparison | Z (t) \ ^ | Y {t) | at] least on some interval. However one checks easily for all t ^ 0 : \ Z (t) | >^ Y (t) \\ (Differentiate f(t) = | Z (Q |
2
Equality Discussion
If we have equality in 2.1 or 2.2 then all the upper estimates which were used in the derivation must be sharp. Therefore we have parts (i) and (ii) of the following proposition immediately from 3. 
In addition, every minimizing geodesic from/? to N is also perpendicular to N, since otherwise there would be shorter curves. (ii) each point of P has minimal geodesic connections to all points of N. As soon as N has more than two points this is a contradiction. The second part of the equality discussion (i. e. of 2.2) rests on the following theorem which will be proved in paragraph 5. . If S"/r is any space form, choose m = 2n+l and take the representation corresponding to S"/F twice. 4.6.5. If a quotient of S"* has diameter > n/2, then there exist points p, qe S" 1 such that the distance from/? to the orbit F.q is > n/2, i. e. T.q lies in a ball of radius < 7t/2. The midpoint of the smallest (convex!) ball containing T.q is a fixed point of F, hence I" is trivial. On the other hand, if F acts reducibly on S" 1 , then any pair of points from orthogonal invariant subspaces has a distance n/2 in S" 1 and in S^VF; for reducible actions we therefore have d^/F) = n/2.
This completes the proof of Theorem 4.6.
Proof of Theorem 4.5
The heart of the proof consists of Lemmas 5.3 (iii), 5.4 and 5.5, which show (in case dim N > 1) that r\ is parallel, that D-^parallel displacement in v (N) is locally independent of the path and that N has constant curvature 8+| T| | 2 . Note that these statements, which we will prove in this order, correspond to the Codazzi, Ricci and Gauss equations for "small" spheres S^,^ .2 in spheres S^ of curvature §. Together with the more technical Lemma 5.6 they immediately will imply the theorem. If dim N ^ 1, the theorem is locally true and follows already from Lemma 5.6.
To prove that T| is parallel, we first extend a result of Warner ([12] , Th. 3.2) (see also Whitehead [14] ) to the case dim N > 0.
Let N, M be riemannian manifolds, N isometrically immersed in M and F c= v (N) the set of first focal points of the normal exponential map. Assume that the multiplicity of the first focal points is a constant, say k, so that F is a hypersurface in v (N). Proof, -The first part follows directly from the definition of the riemannian metrics for the normal bundles and it is clear also that the conditions in the second part are necessary. That x ? is an isometry if y is an isometry and (iv) holds is precisely the content of the discussion in 3.1.3. . Choosing next a linear isometry between N^ and N^ ŵ hich maps TI (po) onto rj(^o) (rj the mean curvature vector field of N in M) and extending this by parallel translation. Lemma 5.6 can be applied, yielding constant curvature 8 for all points in exp ((U)) within focal distance. Thus, by continuity as above, M has constant curvature 8.
